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Some Permutation Representations of a Free Group 
PETER J. CAMERON 
If k and 1 are positive integers with k ~ I, then the free group of countable rank has a faithful 
permutation representation in which the degree of transitivity is k and the maximum number of fixed 
points of a non-identity element is I. 
1. INTRODUCTION 
J. Tits [9] proved the non-existence of infinite sharply 4-transitive permutation groups 
(4-transitive groups in which no non-identity element fixes four points). This result was 
subsequently generalised by M. Hall Jr. [5] and M. Yoshizawa [12] to the non-existence of 
infinite 4-transitive groups in which the stabiliser of four points is finite. The existence of 
sharply 3-transitie groups, such as PGL(2, K) (for K an infinite commutative field), and of 
sharply n-transitive sets of permutations for any n (P. Lancellotti [7]), show two senses in 
which Tits' result is best possible. The purpose of this note is to refine it further, by proving 
the following. 
THEOREM. Let k and I be positive integers, with k ~ I. Then the free group F of countable 
rank has afaithful permutation representation which is k-transitive but not (k + I)-transitive, 
and in which the maximum number of points fixed by a non-identity element is I. 
The proof also illustrates two fruitful construction methods: homogeneous relational 
structures, and a technique of Tits for finding permutation representations of F. 
The case k = I of the theorem has been proved, using entirely different methods, by 
Barlotti and Strambach [1]. Also, F has a permutation representation which is k-transitive 
for all k; this simple application of Tits' method, described in Section 2, was communicated 
to me by W. M. Kantor. 
2. TITs' CONSTRUCTION 
This argument is due to Tits [10], p. 230. In this section and Section 4, F denotes the free 
group of countable rank. 
PROPOSITION A. Let G be a permutation group on a countable set il, and N a normal 
subgroup of G. Assume that 
(a) G and N have the same orbits on D; 
(b) GIN has a subgroup KIN isomorphic to F. 
Then G has a subgroup H with the properties 
(1) H is isomorphic to F; 
(2) H has the same orbits on il as G; 
(3) H ! N = 1, HN = K. 
PROOF. Let j; N, fzN, ... be free generators for KIN. Enumerate the pairs (Ct.;, f3;) of 
elements of il lying in the same orbit of G (or N). For each i, choose nj E N such that 
Ct.J;nj = f3j. Let H be generated by j;n1,fzn2' .... Clearly (2) holds, and HN = K. is a 
word in F for which w(j;nl' J;n2' ... ) E N. Then w(j;N, fzN, ... ) = N and so (by 
assumption) w = 1 in F. Thus H n N = 1, and (l ) holds. 
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As an example, let G be the symmetric group on a countable set X, and N the group of 
all finitary permutations on X; take for n the union (over kEN) of the sets of k-tuples of 
elements of X, and embed Fin G by its regular representation (so that F n N = I, whence 
FN/ N ~ F). The subgroup H given by the Proposition is then k-transitive for every natural 
number k, and is isomorphic to F. Furthermore, every element of H is the product of a 
fixed-point-free and a finitary permutation; so non-identity elements of H fix only finitely 
many points. (H is a highly transitive group of co finitary permutations.) 
Tits used this argument to show that there is a countable field K for which Facts 
flag-transitively on the projective space of any finite dimension over K. 
3. HOMOGENEOUS STRUCTURFS 
Let L be a relational language (a family of relation symbols, each of prescribed arity). 
A relational structure S over L is said to be homogeneous if any isomorphism between finite 
substructures of S extends to an automorphism of S. The following result (Fraisse [3], 
Jonsson [6]) guarantees the existence of certain homogeneous structures; we refer to 
Woodrow [11] for a proof, and to Covington [2] for a more general result. 
For any L-structure S, !F(S) denotes the class of L-structures isomorphic to finite 
substructures of S (the age of S, in Fraisse's terminology). A class re of finite L-structures 
is hereditary if it is closed under taking induced substructures, and has the amalgamation 
property if, whenever Fo , FI , F2 E re and/;: Fo -+ Fj are embeddings (i = 1,2), there exists 
G E re and embeddings gj: F; -+ G (i = 1,2) such thatflgl = J;g2' 
PROPOSITION B. Let re be a class of finite L-structures. Suppose that 
(a) re is isomorphism-closed; 
(b) re is hereditary; 
(c) re has the amalgamation property; 
(d) re contains only countably many finite members, up to isomorphism. 
Then there is a countable homogeneous L-structure S, unique up to isomorphism, such that 
!F(S) = re. 
4. PROOF OF THE THEOREM 
We call an n-ary relation (l a hypergraph if, whenever (XI ' ••• , xn) E (l, then XI ' • •• , Xn 
are all distinct, and (Xl n, ... , xnn) E (l for any permutation 11: of {I, ... n}. (For n = 2, a 
hypergraph is just a loopless undirected graph.)We take a relational language L with a 
(k + l)-ary relational symbol (l , and countably many (I + I)-ary relation symbols 0"1, 
0"2 , •••• We consider the class re of finite L-structures in which 
(a) (l, 0"1' 0"2' ••• are hypergraphs; 
(b) for any distinct points XI, • •• ,XI+ I , there is a unique value of i for which 
(XI ' • .• ,XI+I) E O"j . (The sequence 0"1 , 0"2, . .. can be regarded as a colouring of the (/ + I)-sets with countably many colours.) 
Clearly re satisfies the hypotheses of Proposition B, so there is a countable homogeneous 
L-structure S with !F(S) = re, unique up to isomorphism. Note that a bijection between 
subsets of size at most I extends to an automorphism if and only if it is an isomorphism of 
the hypergraph (l; in particular, any bijection between subsets of size at most k extends to 
an automorphism, and Aut(S) is k-transitive. 
For any permutation 11: of ~ , let sn be the L-structure with relations (l, O"ln' 0"2n' ..• . 
Since we have merely re-Iabelled indistinguishable relations, sn is a countable homogeneous 
structure with the same age as S, and hence (by the uniqueness part of Proposition B) is 
isomorphic to S. So, if G is the group of all permutations g of the point set of S satisfying 
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Sg = S" for some n, and N = Aut(S), then N is a normal subgroup of G, and GIN ~ 
Sym(N). We take for n the set of alII-tuples of points of S-note that G and N have the 
same orbits on n, by the preceding paragraph-and for K a subgroup of G for which KIN 
is the regular representation of F. 
Let H be the subgroup of G guaranteed by Proposition A. Now we have 
(I) H is isomorphic to F. 
(2) H is k-transitive, since Gis. 
(3) H is not (k + i)-transitive, since it preserves the non-trivial (k + I)-ary relation e. 
(4) There exists I points whose pointwise stabiliser is not the identity. For, by Ramsey's 
theorem, there is an I-set X such that the restriction of e to X is either a complete or a null 
by an element of H. Thus we have Hl = Sym(X). Since F is torsion-free, Sym(X) ~ H, 
so the action of Hx on X is not faithful; that is, some element of H fixes X pointwise. 
(5) No non-identity element of H fixes I + I points. For, by construction, H induces a 
regular permutation group on al, 002, ... ; thus, any element of H which fixes some a i lies 
in N, and hence is trivial. But if hE H fixes x" ... , XI+l' and (x" ... , XI+l) E ai' then 
h fixes ai' and h = 1. 
5. REMARKS 
As we observed in Section 2, Fhas a permutation representation which is k-transitive for 
every k. McDonough [8] showed that the same is true for the free group Fn of any finite rank 
n greater than I; however, the argument is considerably harder. This suggests the problem: 
Is it true that the free group of any given finite rank (greater than I) has faithful permu-
tation representations with the properties described in the Theorem? It is not even known 
whether free groups of finite rank have representations with any prescribed degree of 
transitivity. 
In a similar vein, Tits' argument demonstrates a theorem of Glass [4, p. 135]: F has a 
representation as a group of order-automorphisms of Q, transitive on increasing k-tuples 
for all k. (Take G = Aut(Q, ~), and N the subgroup consisting of automorphisms of 
bounded support. The fact that G contains the regular representation of F is equivalent to 
the existence of a dense right order on F.) S. H. McCleary (see [4, p. 135]) has shown that 
the same is true for Fn if n > 1; again, the proof is more difficult. 
The methods of this paper show that if k and I are given with k ~ t, then F is 
embeddable in Aut(Q, ~) in such a way that it is transitive on increasing k-tuples (but not 
on (k + I)-tuples), and the maximum number of fixed points of a non-identity element is 
either I - I or I. (I cannot show that it must be t in general.) This answers in the negative 
a question of Glass ([4, p. 248]), though easier counterexamples exist. For k = I, it also 
answers negatively Glass' 'primitivity problem' ([4, p. 249]). The existence of analogous 
representations of free groups of finite rank is also open. 
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